We derive a simple recursive scheme for calculating tail probabilities of Cox distributions. This is particularly useful for the computation of certain performance measures in queueing systems. An example of a call center model is provided.
A Cox distribution with n > 0 phases can be defined as the time until absortion into state 0, starting from state n, of the Markov process depicted in Figure 1 . The process remains in state 1 ≤ k ≤ n an exponentially distributed amount of time with parameter µ k . Upon departure from state k the process moves to state 0 with probability α k and moves to state k − 1 with probabilityᾱ k = 1 − α k . To avoid trivial situations we assume that α k < 1 for all k. Cox distrubitions are useful when approximating general non-negative distributions using exponential phases. It has been shown that the class of Cox distributions is dense in the class of all non-negative distributions (Schassberger [4] ).
Define Y k as the time until absorption in 0 starting from state k, and let
c ik e −µ i t for all t ≥ 0, with c ik as follows:
Theorem 1 is a special case of Theorem 2, that deals with the case of general parameter values. Because of its simplicity and relevance for applications, we formulated it. Before continuing with Theorem 2, we introduce some additional notation.
Define: -m(j) = #{i|µ i = µ j , 1 ≤ i < j}, i.e., the number of times µ j occurs in µ 1 , . . . , µ j−1 ; -h(j, k) = min i {µ i = µ j , j < i ≤ k} if such an i exists, 0 otherwise, i.e., the lowest higher numbered phase with the same parameter in the Cox distribution with k phases; -n(j) = max i {µ i = µ j , 1 ≤ i < j} if m(j) > 0, 0 otherwise, i.e., the highest lower numbered phase in the Cox distribution with the same parameter; -l(k) = min i {µ i = µ k , 1 ≤ i ≤ k}, i.e., the lowest numbered phase with parameter µ k .
For convenience we also take c 0k = 0 for all k.
for all t ≥ 0, with c ik as follows:
Proof We extend the proof of Riordan [3], p. 110-111, who treats a special case of Theorem 1 (see the paragraph on special cases below). From properties of the exponential distribution we find for h > 0 small:
where o(h) has the usual meaning of lim h→0 o(h)h −1 = 0. Rewriting and taking the limit as h → 0 givesF
Equating
Numerical considerations Calculating the coefficients directly using (1) can lead to numerical problems. E.g., if t > 1 and many phases have the same parameter, then, for i big, c ik will approach 0 and t m(i) will get very big, leading to numerical instabilities. In this case it is better to scale the parameters such that t can be omitted, i.e., µ i should be replaced by tµ i . This has been done in the algorithm below. Likewise one should be careful when µ i ≈ µ j for certain i, j; taking them equal might give a very good approximation while avoiding numerical difficulties. Finally, whenF k (t) gets close to 1, then numerical problems can occur when computingF k+n (t). If α k = 0 for all k, thenF k (t) is increasing in k. For this reasonF k+n (t) should be set to 1 ifF k (t) ≈ 1 in this case. [2] for a discussion and other references). For convenience we start numbering at k = 0, this also corresponds to the application to which Riordan applies his results (for which k represents the number of waiting customers in a queue with abandonments). Riordan finds
Algorithm to compute F
It is easily seen that indeed
as was to be expected from our derivation. In fact, Riordan derives a closed-form expression for ∞ k=0 p kFk (t), with p k the stationary probability of finding k waiting customers in the system under study. Note that it is computationally more efficient to compute the coefficients recursively, instead of utilizing a closed-form solution.
Example As an example, consider a standard Erlang delay queueing system with s servers, Poisson arrivals (with rate λ) and exponential service time distributions (with rate µ) with the additional feature that customers abandon while waiting. This is a good model for call centers (for an overview of call center models, see Gans et al. [1] ). If the abandonment rate is constant for each customer then we get the model of Riordan [3] . However, it is not unlikely that the abandonment rate is a function of the position in the queue, for example because of announcements made to the callers. Let us assume that the abandonment rate is of the form α + kγ, with k the position in the queue. Then the total abandonment rate when there are k customers waiting is kα + 1 2 k(k + 1)γ. We compute the service level which is defined in this case as the probability that a "test customer" (who has infinite patience) spends longer than 20 seconds (standard in call centers) in queue. This is done by calculating the stationary probabilities p k and the tail probabilities F k (t). The results for various situations can be found in Table 1 . The conclusion to be drawn is that abandonments improve the service level (SL), with only a low decrease in server productivity (or, equivalently, a small abandonment probability). This phenomenon is even stronger in the case of abandonment rates that increase in the server position. This calls for stimulating callers to abandon when they enter a long queue. [3] J. Riordan. Stochastic Service Systems. Wiley, 1961.
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